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The exam consists of 4 problems. You have 120 minutes to answer the questions.
You can achieve 100 points which includes a bonus of 10 points. Calculators, books
and notes are not permitted.

1. [6+648=20 Points] Consider the function f : R? IR defined as

nor-{ a++2?+2°
%+0

C

if (a,/) (0,0)
if (@,y) = (0,0)

where c E JR.

(a) Determine c such that f becomes continuous at (a,/)= (0,0).
(b) For the value of c found in part (a) and u = (v,w) e IR?a unit vector, determine the

directional derivative Daf (0, 0).

(c) Use the definition of differentiability to show that for the value of c found in part (a),
the function f is differentiable at (a,/)= (0,0) and determine the derivative off at
(@,)= (0,0).

2. [54849=22 Points] The surface S C RR? given by the equation

4a+ 28 + 2y +42 +8=0

is a hyperboloid of two sheets which contains the point (@o, yo, z0) = (2,0,2).
I

(a) Find the tangent plane at the point (zo,0, z0) using the fact that S is the level set
of a suitable function g: IR" IR.

(b) Use the Implicit Function Theorem to show that near the point (o, y0, z0), the surface
Scan be considered to be the graph of a function f of the variables z and z. Compute
the partial derivatives f and f at (ao, zo) and show that the tangent plane found
in part (a) coincides with the graph of the linearization of f at (a0, z0).

(c) Use the method of Lagrange multipliers to find the point(s) in S closest to the (x, y)­
plane.
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3. [641245=23 Points] Consider the vector field F : R? IR? defined as

F(a, y,2) = (2+2) cos(@° + xz) i-(z+1)sin(y +y2)j + (@cos(a? +az)-ysin(y +yz)) k

for each (a,y,2) e RR?.

(a) Show that F is conservative.
(b) Determine a potential function for F.
(c) Let C e IR' be the curve with parametrization r(t) = ti+ tj+(at- sin T) k with

0<t< 1. Compute the line integral JF·ds with C oriented by the tangent vectors
associated with the parametrization r.

4. [3+22=25 Points] Let F : I? IR' be the vector field defined as

F(@,y,z) = kx(ai+yj+zk)

for (@,y,2) e R". Let S be the surface {(a,y,z) e IR?[a?4? _ 1, y= z} oriented by the
normal vector (0,-1,1).

(a) Sketch the surface S and mark the induced orientation on the boundary OS of S.

(b) Verify Stokes's theorem for F and S by computing both sides of the equality

l/«n.as-f.ra



Solutions

1. (a) In order to determine the limit off at (@,y) = (0,0) we use polar coordinates (x, y) =
(r cos 0,r sin 0) for (z,y) # (0,0). Then

f(a,9)
r cos?sin0 + r sin°0 + 2r?cos?0 + 2r sin?0

r?cos?0 4 r?sin? 0
r(cos 0sin0 + sin? 0) + 2.

Considering the limit r» 0 yields that f becomes continuous at (a,y)= (0,0) for
C = 2.

(b) Let u = (v,w) e R? with +w?= 1. Then

Df(0,0) l. f(hv, hw) - f(0, 0)
][]]

h-»0 h
. 1 (h3v2w + h3w3 + 2h2v2 + 2h2w2 )hm - ----------- - 2
ioh h?(o? + 0?)

1
Jim .. (ho+ + 2w?- 20%)
h--»o hd
lim
hO

o? +w
uw(o + w?)
w,

where in the third and last equality we used v2 + w2 = 1.
(c) According to part (b) we have f(0,0)= 0 (choose u = (v,w)= (1,0)) and f(0, 0)=

1 (choose u = (v,w)= (0,1)). So the linearization off at (a,)) = (0,0) is given by

L(a, y) = f(0,0) + f,(0,0)(a- 0) + f(0,0)(/-0)=2+y.

For the differentiability of f at (0, 0) we have that the limit of

f(x, y) - L(x, y)
II(a, u) - (0,0)//

is 0 for (z,y)(0,0). For (a,y) / (0,0), we have

f(a,y)- L(a,y)
II(a,u)- (0,0)//

' (sir2oe )
(@?+42)/ ?+ij-(2+/)

1
..•(au++2+2°- 2(+y?)- y(a + y))(a?+2)3/2

1
(@? +er2 0)

which converges to O as (x, y) ➔ (0, 0). The function f is hence differentiable at
(a,y)= (0,0).
The derivative is

VF(0,0) = (£,(0,0),f(0,0)) = (0,1).
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()Cw f- o / solutions

,. (l) writing the vector field F as

F = Q(x, y, z) i + P(a,y, 2)j + R(a,y, 2)k
the vector equation Vf = F has the components

of Q(@,4,2) = (2+z) cos(@ + xz), (1)Oz
of P(@,y,2)=-(z+1)sin(y + y2), 2)-
Oy
of

R(x, y, z) = x cos (a +zz)- ysin (y+ yz). (3)Oz
Integrating Equation (1) with respect to x gives

J(x, y, z) = J (2x + z) cos(x2 + xz) dx

= J cosudu

= sin(x2 + xz) + g(y, z),

where in between we substituted u = a"+zz and g(y, 2) stands for an integration
constant which can depend on y and z. Filling in f(x, y, z) = sin(x2 + xz) +
g(y, z) in Equation (2) gives

ow,2)= ]-(e+1)sin@n + we) du

= - J sinudu

= cos(y +y2) + h(2),

where in between we substituted u = y+yz and h(z) is an integration constant
which can depend onz. Thus f becomes

f(@,y,2)= sin(@? + xz) + cos(y + yz) + h(z)

which when filled into Equation (3) gives

-=,so"+)+sso +v)+
. d= x cos(x2 + xz) - y sm(y + yz) + dz h(z).

Equating the latter with R(z, y, z) shows that h(2) = 0, i.e. h(z) = c for
some c E JR. The potential function thus is

f(a,y,2) = sin(+ xz) + cos(y + yz) + c.
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(b) As F is conservative with potential function f found in part (a) we have by the
fundamental theorem of line integrals

[Fa,».)ads=]Ft@))-'@)an-FD))- F6«@0)).

rt ntf(6(@)) = sin(@" + t(art sin))) +cos(@+(au- sin))) +c.

Thus,

f(x(1))- f(x(O)) = (sinn + cos T) - (sinO + cos O)
=1l=-2.

Thus, we conclude that [ F(a,y,2) ·ds=2.

2.

ky=1
<z1

7 +
¥x

Noticing that the cone sha ed region is given by f , y, z) = x2 + y2 - z2 O we
an find a normal vector at ,y,2) on the cone as V'(z,y,2) = 2zi+2yj­
rmalizing this vector gives he unit normal vector

1 ( . .n1=,til)] Z
24z22

which i deed is pointing outward. Alternatively the normal ector can be com­
pute fro a parametrization X of the one. Using cylinder c ordinates we can
choose

rsin0j +rk

which has norm

OX OX ; ·.o; ·10@3,rcos hi+rnhi T

Normalizing this vector agr;es with n, found ab
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